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ABSTRACT

M a te u s z  P ip ień . A n  approach to m ea su rin g  the relation betw een  risk a n d  return . B ayesian  analysis  
fo r W IG  da ta . Folia  O e c o n o m i c a  C ra c o v ie n s ia  2 0 0 7 ,  4 8 :  9 5 - 1 1 7 .

T h e  m a in  g o al of  th is  p a p e r  is a n  a p p lic a t io n  o f  B a y esian  in f e r e n c e  in  te s t in g  t h e  r e la tio n  
b e tw e e n  risk a n d  r e tu r n  o f  th e  f in a n cia l  t im e  series. O n  t h e  basis  o f  th e  I n te r te m p o r a l  C A l’M  
m o d e l ,  p r o p o s e d  b y  M e r to n  ( 1 9 7 3 ) ,  w e  b u ilt a g e n e ra l  s a m p lin g  m o d e l  su itab le  in  a n a ly s in g  
s u c h  re la tio n s h ip .  T h e  m o s t  i m p o r t a n t  fe a tu r e  o f  o u r  m o d e l  a s s u m p tio n s  is t h a t  t h e  p o ssib le  
sk ew n ess o f  c o n d i t i o n a l  d is tr ib u tio n  o f  r e tu r n s  is u sed  as a n  a l te rn a t iv e  s o u r c e  o f  re la tio n  
b e tw e e n  risk a n d  r e tu r n .  T h u s ,  p u re  s ta tis t ica l  fe a tu re  o f  th e  s a m p lin g  m o d e l  is e q u ip p e d  w ith  
e c o n o m i c  in te r p r e ta t io n .  T h is  g e n e ra l  s p e c if ic a tio n  re la tes  to  G A R C H -In -M e a n  m o d e l  p r o p o ­
sed b y  O siew alski a n d  P ip ień  ( 2 0 0 0 ) .

In order to  m a k e  cond itional distribution o f  financial returns skewed w e co n sid ered  a c o n ­

structive ap p ro ach  based o n  th e  inverse probability  integral tran sform ation . In particular, w e app ly  
th e  hidd en tru n cation  m e ch a n is m , tw o  app ro ach es  based o n  th e  inverse scale factors in th e  positive  
an d  th e  negative o rth an t, order statistics c o n c e p t ,  Beta distribution tran sform ation , Bernstein den sity  
tran sform ation  a n d  th e  m e th o d  re cen tly  prop osed b y  Ferreira a n d  Steel (2 0 0 6 ) .

B ased  o n  th e  d aily  e x c e ss  r e tu r n s  o f  W I G  i n d e x  w e  c h e c k e d  th e  to ta l  i m p a c t  o f  c o n d i t i o n a l  
sk ew n ess a s s u m p tio n  o n  th e  re la t io n  b e tw e e n  r e tu r n  a n d  risk o n  th e  W a r s a w  S to c k  M a rk e t.  
P o sterio r  in fe r e n c e  a b o u t  sk ew n ess  m e c h a n i s m s  c o n f i r m e d  p o si tiv e  a n d  d e c is iv e ly  s ig n if ic a n t  
re la tio n s h ip  b e tw e e n  e x p e c te d  r e tu r n  a n d  risk. T h e  g r e a te s t  d a ta  s u p p o r t ,  as  m e a s u r e d  b y  th e  
p o ste rio r  p ro b a b il i ty  v a lu e ,  rece iv es  m o d e l  w i th  c o n d i t i o n a l  sk ew n ess  b a s e d  o n  t h e  Beta  
d istrib u tio n  t r a n s f o r m a t i o n  w ith  tw o  free p a r a m e te rs .
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1. INTRODUCTION

The relationship between risk and return constitutes the foundation of financial 
economics. Numerous papers have investigated this trade-off testing the func­
tional dependence of excess return on the level of risk, both measured by 
conditional expectation and conditional variance of aggregate wealth. Accor­
ding to Merton (1973), given risk aversion among investors, when investment 
opportunity set is constant, there is a positive relationship between expected 
excess return and the level of risk. Hence, it is possible to express the risk in 
terms of expected premium generated.

Historically, authors have found mixed empirical evidence concerning the 
relationship. In some cases a significant positive relationship can be found, in 
others it is insignificant and also some authors report it as being significantly 
negative. For instance, using monthly U.S. data French, Schwert and Stambaugh 
(1987) and also Campbell and Hentschel (1992) found a predominantly positive 
but insignificant relationship. Glosten, Jagannathan and Runkle found a negative 
and significant relationship on the basis of Asymmetric-GARCH model, instead of 
commonly used GARCH-in-Mean framework; see Engle, Lilien and Robins (1987). 
Scruggs (1998) summarises the empirical evidence of considered relationship.

Recent empirical work offers some resolutions to the conflicting results in 
the literature. Including into Merton (1973) Intertemporal Capital Asset Pricing 
Model (ICAPM) an additional risk factor, measured by long term government 
bond returns, Scruggs (1998) restores a positive relationship between risk and 
return. Pastor and Stambaugh (2001) considered a possibility of structural breaks 
in the risk-return relationship. Brandt and Kang (2004) investigated lead-lag 
correlations and find a strong negative dependence between the contempora­
neous innovations and both the conditional mean and conditional variance of 
excess returns. Ghysels, Santa-Clara and Valkanov (2006) find a positive risk 
aversion coefficient using a mixed data sampling (MIDAS) approach to estima­
ting conditional dispersion. Campbell and Hentschel (1992), Guo and Whitelaw 
(2003) and Kim, Morley and Nelson (2004) find a positive relationship when 
volatility feedbacks are incorporated. Also many authors investigated a nonli­
near relationship between market risk and return, finding some evidence 
confirming positive risk premium; see Pagan and Hong (1990) for nonparametric 
approach and for other methods: Backus and Gregory (1993), Whitelaw (2000) 
and Linton and Perron (2003).

The main goal of this paper is an application of Bayesian model comparison, 
based on the posterior probabilities, in testing the relation between risk and 
excess return of the financial time series. We revisited ICAPM model in order 
to investigate the empirical importance of the skewness assumption of the 
conditional distribution of excess returns. On the basis of the ICAPM model, we 
built a general sampling model suitable in estimating risk premium. The most
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important feature of our model assumptions is that the possible skewness of 
conditional distribution of returns is used as an alternative source of relation 
between risk and return. Thus, pure statistical feature of the sampling model is 
equipped with economic interpretation. This general specification relates to 
GARCH-In-Mean model proposed by Osiewalski and Pipieri (2000). In order to 
make conditional distribution of financial returns skewed we considered a con­
structive approach based on the inverse probability integral transformation. In 
particular, we apply the hidden truncation mechanism, two approaches based 
on the inverse scale factors in the positive and the negative orthant, order 
statistics concept, Beta distribution transformation, Bernstein density transfor­
mation and the method recently proposed by Ferreira and Steel (2006).

Based on the daily excess returns of index of the Warsaw Stock Exchange 
we checked the total impact of conditional skewness assumption on the relation 
between return and risk on the Warsaw Stock Market. On the basis of the 
posterior probabilities and posterior odds ratios, we test formally the explanatory 
power of competing, conditionally fat tailed and asymmetric GARCH processes. 
Additionally we present formal Bayesian inference about conditional asymmetry 
in all competing specifications on the basis of the skewness measure defined by 
Arnold and Groenveld (1995).

2. CREATING ASYMMETRIC DISTRIBUTIONS

The unified representation of univariate skewed distributions that we study is 
based on the inverse probability integral transformation.

The family IP = {£,, e s:C2 -> Rj, with the representative density s(.l0, jj,,) is 
called the skewed version of the symmetric family I  (of random variables with 
unimodal symmetric density f[.\0) and distribution function F, such that the 
only one modal value is localised at x = 0 ) if 5 is given by the form:

5 (x 10, iip) = f(x\S) ■ p (F(x\6) 177̂ ), for x e R. (1)

As seen from (1) the asymmetric distribution s (.10, 77̂ ) is obtained from f  (.10) 
by applying the density p{.\rip) as a weighting function. The resulting family IP 
is parameterised by two vectors, 0  and iip, where first is strictly inherited form 
the symmetric family I, while contains specific information about the skewing 
mechanism. The most important feature of (1) is that the distributions s and f  
are identical if and only if p(.l77,,) is the density of the uniform distribution over 
the unit interval; i.e. s = f  iff p  = 1 , for each y e (0 , 1).

Within the general form (1) several classes of distributions P have been 
imposed on some specific families of symmetric random variables. The first 
approach of making distribution F(.I0 ) skewed applied hidden truncation ideas.
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The skew-Normal distribution proposed by Azzalini (1985) constitutes the first 
explicit formulation of such a skewing mechanism. In general this approach 
assumes, that:

s(x 10, y2) -  2 ■ f[x 10) • F(y2 ■ *10), for xeR, (2)

where y2 eR  is the only one parameter which governs the skewing mechanism; 
Vp = (Yz)- In this case p(y\y2) = 2 ■ F (y2 ■ F-\y)\6), for y e (0 , 1), and hence in (2) 
positive and negative values of y2 define right and left skewed distributions. 
Since, for each y e (0, 1), it is true that p(y\0) = 2 ■ F(0 ■ F '̂(y)ly2 = 0) = 1, the case 
y2 = 0  leads to symmetry in (2 ).

As an alternative Jones (2004) proposed to apply the family of Beta 
distributions in order to define p(.l/7,,). This is a formal application of the 
distribution of order statistics in skewing the family of random variables /. In 
particular s (X 10, %) can be defined as follows:

s (x 10, 7,) = f{x\Q) ■ Be(F(x\0) Iyu %-'), for x eR , (3)

where Be(y I a, b) is the value of the density function of the Beta distribution 
with parameters a > 0 and b > 0, calculated at y e(0, 1). Since Be(.II, 1) defines 
the density of the uniform distribution, we obtain, that for y, = ft-1 = 1 the 
density 5 is symmetric. In (3) there is still only one parameter yt > 0, which 
defines the type of asymmetry. If ft > 1, then s is right asymmetric, while ft < 
1 constitutes skewness to the left.

The family IP of skewed distributions proposed in (3) can be generalised, by 
incorporating Beta distribution with two free parameters a > 0 and b > 0. This 
leads to the following form of s:

s (x 10, rip) = f(x\9) • Be(F(x\6) I a, b), for x e R .  (4)

In this case the vector i]p = {a, b), which governs skewness, contains two 
parameters. If a  -  b  = 1 we retrieve symmetry, while a < b or a > b defines left 
or right skewness. It can be shown that the skewing mechanism (4) in case, 
when I  is the family of Student-f distributions yields skewed Student-t family 
proposed by Jones and Faddy (2003).

Another method for introducing skewness into an unimodal distribution is 
based on the inverse scale factors on the left and on the right side of the mode 
of the density Investigating this concept Fernandez and Steel (1998)
proposed skewed Student-t family of distributions with the density ( ks (.lv, 0, 1, /,) 
defined as follows:

fsks (xIO, 1, v, ft) = { f i x ■ 7, 10, 1, v) • /( ,,, + f ,( x -  ft-M0, 1, v) ■ |,
/1  /1
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where ft (x\/u, h, v) denotes the value of the density function of the Students 
distribution with v > 0 degrees of freedom, modal parameter \ieR and inverse 
precision h > 0, calculated at xe R. The approach studied by Fernandez and Steel 
(1998) can be applied to any family I  of symmetric distributions by defining in 
(1) the following skewing mechanism for each y e(0 , 1):

for ft > 0. The resulting density s (.10, ft) is symmetric if /, = 1, while yx > 1 or 
y, < 1 make distribution right or left skewed.

In the next approach we apply Bernstein densities, which are convex 
discrete mixtures of appropriate densities of Beta distribution. For posterior 
inference of such a family of distributions see Petrone and Wasserman (2002). 
The following form of p  constitutes flexible skewing mechanism:

where ri;> = (w„ ..., Wj e (0 , 1) for / = 1, ..., m-1, and in (6 ) w,„ = 1- w,-...- w„M. 
Equal weights vv; = n r 1 lead to the symmetry in (6 ). However, in general the 
resulting skewed densities (6) are often multimodal, especially for large values of 
m. The main disadvantage of skewing mechanism based on (6 ) is, that we loose 
some regularities of constructed family IP in favor of total flexibility in data fit.

Ferreira and Steel (2006) considered a constructive representation of the 
univariate skewness by defining a mechanism which does not depend on F, does 
not change location of the modal value and also keep the moment structure 
unchanged. Starting from a general form of skewing mechanism:

\f(y1 ' 0;0.5) + H r,1 '
(5)

I I I

p  (y\wv ..., w,„) = ^ W jB e  {y\j, m - j +  1), ye. (0 , 1)

where m > 0 , Wj0 , w, + ... + w,„ = 1 . 
The resulting s (.10, rip) takes the form:

W
s (xl0, rip = f(x 19) ■ Wj Be (F(x 18) I j , m - j  + ), for x e R , (6)

(7)

they proposed an approach of deriving appropriate l{.) and ,?(.ly4) meeting 
required properties. In particular, according to Ferreira and Steel (2006), it is 
possible to consider:
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— arctan{2yJS)
2

* (Y4) = 0.5

0

where g{y\ŷ ) = h'(y\y4)ll() ()5| + [2 -  h'(y -  0.5ly4)I|os „], for h' of the following 
form:

with h defined as a polynomial of order 2; h (z) = -3 2 z3 + 24z2. Such a particular 
solution defines skewing mechanism equipped with properties restricted to the 
postulates of the construct. Ferreira and Steel (2006) do not present exhaustive 
characterisation of skewing mechanism (7), making theirs individual proposi­
tion focused only on modelling distributional skewness around the mode.

The next skewing mechanism is another example of an application of the 
inverse scale factors idea. Four years before Fernandez and Steel (1998) published 
theirs skewed version of the t distribution, Hansen (1994) proposed the follo­
wing simple generalisation of the Student-t density (normalized to have unit 
variance):

where v > 2, yse  (-1; 1), a = 4 • ys ■ c(v -  2)/(v -  1), b2 = 1 + 3 ■ %2-fl2 and

If y5 = 0, then the function 5(*I0 , 1, v, 0) represents the density of the 
symmetric Student-t distribution with v > 2 degrees of freedom, zero mode 
and unit variance, while yse ( - l ,  0 ) and 75e ( 0 , 1) enable for left and right 
asymmetry respectively. Here we will show, that the Hansen skewed Student-t 
density can be treated within (1) as a result of imposing a particular skewing

/ exp(y4y - l )  ' 
2(exp(0.5y4) - 1) J '

\

w-1
/

1 fbx  + a  
v - 2  1 -  Y5

\

be 1 +

s (xIO, 1, v, Ys) = • \
V+l (8)

C r(0.5v) Vti(v -  2) ‘
r(0 .5 (v + l))
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mechanism based on the inverse scale factors on the left and on the right side 
of the mode. Let consider a random variable Z, with the density of the 
following form:

f ( x  10, 1, v, ys) =  j £,(x/(1-y5)I0, 1, v) ■ J , + f , ( x / ( l  + y5)I0, 1, v) • J(„.

yse ( - l ;  1), V > 2,

where f ,  (.10, 1, v) is the density of the Student-t distribution with v >  2 degrees 
of freedom, zero mean and unit variance. The mean E and the variance V of Zs 
are given as follows:

E(ZS) = a = 4ys c(v-2)/(v-l) 

V(ZS) = fo2 = 1 + 3 x,2-« 2,

where:

c = r (0 .5 (v + l))
r(0.5)

It can be shown that the skewed density proposed by Hansen (1994) is the 
density of the random variable X, obtained by standarisation of Z-.

X = -
Z - a

Consequently Hansen (1994) idea can be adapted to any symmmetric and 
unimodal density f (with distribution function F) by imposing the following 
skewing mechanism:

f

p(y\ys)=-

n m
! - Y s

V().s)(y) + f
F\y)
l+ 7 s

-, for ys e ( - 1 ; 1).
(9)

In spite of a very similar form of mechanism defining Fernandez and Steel 
(1998) skewed Student-t to the one related to Hansen (1994), both generalisa­
tions lead to different classes of asymmetric distributions with Student-type tails. 
But some equivalences can be discovered. In particular, for each % e (-1, 1), there 
exist only one y2* > 0  (namely y2‘ = j( l  + 7s)/(l-7s))()'s) such, that mechanisms 
v (.1%) in (9) andp  (.1 y2 ) in (5) generate skewed densities with the same ratio of 
ihe probability mass on the left and on the right side of the mode.
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In the next section we present basic model framework, which is a starting 
point in generating conditionally heteroscedastic models for daily returns. In 
order to create the set of competing specifications, we make use of all presented 
skewing mechanisms.

3. BASIC MODEL FRAMEWORK AND COMPETING SKEWED CONDITIONAL
DISTRIBUTIONS

Let denote by Xj the value of a stock or a market index at time /. The excess 
return on xt, denoted by yjt is defined as the difference between the logarithmic 
daily return on x;. in percentage points (?) = 100  lnfy/Xy.,]) and the risk free interest 
rate (denoted by rj), namely yt = rr rj'. The voluminous literature focused on 
examination the relationship between risk and return bases on the Intertempo­
ral Capital Asset Pricing Model, proposed by Metron (1973). According to the 
assumptions of Merton (1973) theory, expected excess return E is proportional 
to the standard deviaton D (both conditional with respect to the information 
set at t im e d e n o te d  by \|/H):

£ (yM-i) = a *D(yM-i)- (10)

The coefficient a  > 0 in (10) measures the relative risk aversion of the 
representative agent. Under assumption of the informational efficiency of the 
market, the information set at time /' can be reduced to the history of the process 
of the excess return, namely = (...., yh2, yH ). Consequently an econometric
model of the relationship between risk and return should explain the properties
of the conditional (with respect to the past of the process of y.) distribution of 
the excess return yr It is also of particular interest to find any linkage between 
expected excess return and the measure of dispersion of the distribution of yf 
conditional to y/h l. Following Engle, Lilien and Robins (1987), French, Schwert 
and Stambaugh (1987) and Osiewalski and Pipieri (2000) we consider for y- 
a simple GARCH-In-Mean process, defined as follows:

Yi = [a + E(Zj)\ /i/ ’-5 + j = 1, 2, (11)

where iij = [zr £(z/)j/;"s, and z; are independently and identically distributed 
random variables with E{zj) < + 1. The scaling factor is given by the GARCH(1, 1) 
equation; see Bollerslev (1986):

hj -  a,, + a xiihl2 + p xhhV

The specific form of the conditional distribution of is strictly dependent 
on the type of the distribution of zr Initially, in model denoted by M„ we
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assumed for z;- the Student-t density with unknown degrees of freedom v > 1, 
zero mode and unit inverse precision:

zy IM0~iiSf(v, 0, 1), v > 1 .

The density of the distribution of z; is given as follows:

z2
1 + — ( 12)

Given model M,„ E~(zy) = 0, i = zfy'-*, and hence (11) reduces to the simpler 
form yt = a h - ,s + i/;. Let denote by 6 = (a, a w a u /J„ v) the vector of all parameters 
in model M(). Here the conditional distribution of the error term i/; is the 
Student-f distribution with v > 1 degrees of freedom, zero mode and inverse 
precision hf.

p(u^Wh v  9, K )  =  V 15 ■ / t ( V " S “z10' v)' 7 = 1» 2 , . . .  .

Consequently the following density represents conditional distribution of 
the excess return at time /:

p(yi tyt-v H>) = V s ' ^ V ' S ' ( y ^ / ’5)10' 1> v)' I = l > 2> -  ■

Given model MH the expected excess return (conditional to the whole past 
y hi) is proportional to the square root of the inverse precission hf.

E iy-, Whv 8, M„) = a  hi'-5. (13)

The parameter a  eR  captures the dependence between expected excess 
return and the level of risk both measured by E{y^yhv M{), 9) and the scale 
parameter h-)$ respectively. Initially the relationship between risk and return 
stated in (10 ) relates to the conditional standard deviation as a measure of risk. 
In our approach, the relative risk aversion coefficient a  can be obtained by 
reparameterisation of the model in terms of variance, instead of introducing 
inverse precision. However our approach, based on the more general scale 
measure, enables to test Merton (1973) theory in case of more volatile excess 
returns, which do not posses conditional second moment.

Now we want to construct a set of competing GARCH specifications [M„ 
i = 1 , ..., k] by introducing asymmetry into density of the conditional distribu­
tion of excess return, ptyjlv|/H, 0, M„). The resulting asymmetric distributions are 
obtained by skewing the distribution of the random variable z; according to
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methods presented in the previous section. The resulting asymmetric density of 
z- is of the general form related to the formula (1):

p(z IM;) = f t{z\0, 1, v) ■ p  [F,(z) Iri,-, MJ, for z e R, i = 1, 2, ..., k,

where p  (.I??/, Mi) defines the skewing mechanism parameterised by the vector 
77/, and Ft(.) is the distribution function of the Student-t random variable with 
v > 1 degrees of freedom parameter, zero mode and unit inverse precision. 
Consequently, the conditional distribution of the error term iij in model M,- 
takes the form:

p U i ^ i - v  6 - Hz, H ) = V ’ 5 ' f i (V '5"/10' l > v) • i  = 1 , 2 ,  ... .

This leads to the general form of the conditional distribution of daily excess 
return yj in model M,-:

p i y ,  ivn* e ' 1i-' H )  =  V s ' l > v ) • P \ F i ( h ^ ( y r V - j ) ) K  Afl. (14 )
/ = 1 , 2 , ... ,

where n, = [a + E(zj)]hj's. As the first specification, namely M„ we consider GARCH 
model with skewed Student-f distribution obtained by the method investigated 
by Fernandez and Steel (1998). The skewing mechanism p  M J is given by
the formula (5), where 77, = yx > 0, and yx = 1 defines symmetry (i.e. Mx reduces to 
the model M() under restriction yx = 1). The model M2 is the result of skewing 
conditional distribution p  (y;l 0, M„) according to the hidden truncation met­
hod. In this case p [. I ?72, M J is defined by (2), r\2 = y2 eR, while y2 = 0  defines 
symmetric Student-t conditional distribution for yr In model M, we apply Beta 
skewing mechanism with one asymmetry parameter. Density ̂ [.Iri ,, M J is defined 
by (3), where 77-, = % > 0, and % = 1 reduces our model to the case of M(). 
Specification M4 is based on the Skewed Student-t distribution proposed by Jones 
and Faddy (2003). In this case p  [.It74, M J is defined by the formula (4), i]4 = (a, b), 
for a > 0 and b > 0 and a = b =  1 reduces M4 to M„. In model M5 we apply Bernstein 
density based skewing mechanism for m = 2 parameters. It means that the skewing 
mechanism p  [.177,, M J is defined by the formula (6), 77, = (w„ and w, = w2 = 1/3 
retrieves symmetry of the conditional distribution of yr In model M6 we applied 
a construct defined by Ferreira and Steel. Skewing mechanism p  |.l776, M J is defined 
by (7), while ?76 = y4 eR  and % = 0 defines conditional symmetry. In specification 
M7 we considered Hansen (1994) skewed Student-t conditional distribution, by 
applying mechanism p  [.l?77, M J defined in (9). Here i]7 -  % e (-1, 1), while ys = 0 
reduces M7 to the case of conditional symmetry.

All formulated specifications assume, that the conditional distribution of 
Yj is heteroscedastic, where time varying dispersion measure /i.( defined by
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GARCH(1, 1) specification, is a function of the whole past of the process. The 
degrees of freedom parameter v > 1 enable for fat tails of p { y ^ hX, в, M,). In 
each specification it is also possible to test whether the dataset supports 
conditional distribution with Gaussian-type tails (for The possible asym­
metry of conditional distribution can be captured in all models by the presence 
of skewing mechanism. Additionally, skewness of the distribution of z; in M, 
generates nonzero expectation E Ц) < + 4. Consequently in (11):

E (у, Iy/H, в, щ  M,) = [a + E(z)]h"s, for E{z) *  0. (15)

And hence for each specification M„ і = 1, 2, 3, 4, 5, 6 , 7, conditional 
skewness of excess returns Уі can be interpreted as an additional source of the 
relationship between risk and return. This idea fully corresponds to Harvey and 
Siddique (2000), who emphasize, that systematic skewness is economically 
important and governs risk premium.

We denote by y<0 = (y„ ..., yt) e Y  the vector of observed up to day t (used 
in estimation in day t) daily excess returns and by yfm = (yl + v ..., yt + l)  є Yf the 
vector of forecasted observables at time t. The following density represents the 
i-th sampling model (i = 1, 2, 3, 4, 5, 6 , 7) at time t:

t+ll

P ( f \  } f  I 6, r|, M ,.) П P i y ^ j - v  9/ Лі/ Щ  ' = 1» 2- 3, 4, 5, 6, 7.
и

Constructed at time t Bayesian model M„ i.e. the joint distribution of the 
observables (y<0, yf{,)) and the vector of parameters (9, r|,) takes the form:

P ( f  \ Уі‘\ в, і], IM;) = р(уш, У/іп\в, 77,., ■ р  (в, ї ї  ІМ,), (16)

and requires formulation of the prior distribution p (в, 77, 1M,), for each specifica 
tion M,. In general we assumed the following prior independence:

р(в, 77,. IM() = р(Є IM,.) • p  (77,1м,), і = 1 , 2 , 3, 4, 5, 6 , 7. (17)

In this paper we assume that for each i:

р(в  IM,.) = р(в) = p(a) p(aH) p(«j) p03,) p(v),

where p(a) is normal with zero mean and variance 1 0 , p(a„) is exponential with 
mean 1 , p {a x) and p(/?,) are both uniform over (0 , 1), while p(v) defines 
exponential distribution with mean (and standard deviation) equal to 1 0 .

In order to make posterior inference about conditional asymmetry, as well 
as to compare prior information about this phenomenon in all competing
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specifications, we considered skewness measure proposed by Arnold and Gro- 
enveld (1995). Such a skewness measure, applied to the density p (y}vhV 6, i)v 
M,) takes the form:

Ym = 1 - 2  P [Mod (yjIM() l ^ „  6 , il„ M,l, (18)

where P [. I , 0, ri„ M] denotes the cumulative distribution function of the 
conditional distribution of daily return y. (given the whole past, parameters and 
model M;) and Mod (y^M,) denotes the modal value of this distribution. The case 
of symmetry is defined for yM = 0 , while yM < 0  or yM > 0  imply left or right 
skewness of p(yf\ y/hV 6, 77,., M,).

Initially, we use (18) to control the total prior information about asymmetry, 
which is included in each specification through the distribution p^lM,). Our 
goal is to introduce prior information about 77, in such a way, that the resulting 
prior distribution of skewness measure yw elicited in all models, are as much 
similar as it is possible. In order to perform this task the prior distribution of 
model specific (skewness) parameters can be defined in the following way. For 
i = 1 , t7j = ft > 0 , and p  ^ IM ,)  is the density of the standardized lognormal 
distribution truncated to the interval y e  (0.5; 2). For i = 2, r/2 = y2eR, and p  (i]2\M2) 
is the density of the normal distribution with zero mean and variance equal to 
3. For i = 3, i]K = Yi> 0, and p  (773IM3) is the density of the standardized lognormal 
distribution. For / = 4, t?4 = (a, b), and p  (?;4IM4) is the product of the densities 
of the standardized lognormal distribution. For / = 5, 77, = (vv„ w2) and p  (77,IM5) 
is the product of the normal densities, both with mean 0.33 and variance 36, 
truncated by the following set of restrictions: w, > 0, w2 > 0, w, + w2 < 1. For 
' = 6 , 776 = y4eR , and p (?j6IM6) is the density of the normal distribution with 
mean 0 and variance equal to 20. For i -  7, r/7 = yse ( - 1, 1), and p  (t77IM7) is the 
density of the uniform distribution truncated to %e[-0-5, 0.5]. All competing 
specifications, together with the prior distributions for 77, are presented in Table 1.

4. EMPIRICAL RESULTS FOR WIG DATA

In this part we present an empirical example of Bayesian comparison of all 
competing specifications. We also discuss the results of the total impact of the 
conditional skewness assumption on the relationship between risk and return 
on the Warsaw Stock Exchange (WSE). Our dataset was constructed on the basis 
of T =  2144 observations of daily growth rates, rjt of the index of the WSE (WIG 
index) from 06.01.98 till 31.07.06. The risk free interest rate, rj, used in excess 
return yjt was approximated by the WIBOR overnight interest rate (WIBORo/n 
instrument). The time series of the excess returns yf, as well as the risk free 
interest rate, are depicted on Figure 1. As seen from the grey plot in Figure 1,
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huge outliers, caused by changes in the monetary policy, together with the 
regions of almost no variability at the end of the 90s, depict very volatile 
behaviour of the Polish zloty short term interest rate. Thus, it was very important 
to check the sensitivity of our results with respect to the changes in the 
definition of the risk free interest rate. Our empirical results remained practically 
unchanged for rj calculated on the basis of the middle and long term WIBOR 
zloty interest rate and also in the case r[ = 0  for each /.

Table 2 presents decimal logarithms of the marginal data density value, as 
well as the posterior probabilities P(M,ly<0), both calculated for each of competing 
models M(, i = 0, 1, ..., 7. The initial specification M,„ built on the basis of the 
conditional symmetric student-t distribution, receives a little data support, as 
the posterior probability P(M„ly(t)) is not greater than 8.5%. The all remaining 
posterior probability mass is attached to specifications which allow for condi­
tional skewness. It is clear, that the modelled dataset of excess returns of WIG 
index do not support decisively superiority of any of competing skewing 
mechanism. The mass of posterior probabilities is rather dispersed and strongly 
distributed among models which allow for conditional asymmetry. The greatest 
value of P(Mil/t)) receives conditionally skewed Student-t GARCH model gene­
rated by the Beta distribution transformation with two free parameters. In this 
case the value of posterior probability is greater than 40%. The dataset also 
support conditionally skewed Student-t GARCH model with hidden truncation 
mechanism (M2) and Beta distribution transformation with one free parameter



Table 1

Presen tation  of th e  set o f  c o m p e n t in g  skewing m e ch a n is m s  a n d  th e  prior distributions  
o f  skewness param eters, p  i = 1, 2, 3 ,  4, 5, 6, 7

M2
Azzalini (1 9 8 5 ) ,  y2 e  R, y -  N (0 ,3 )  

P O 'W  = 2  • F(y2 ■ r V ) ! 6 )  

sy m m etry :  y2 -  0

M 3
Beta distribution w ith  o n e  param eter  

(Jones 2 0 0 4 ) ,  f t  > 0  In f t -  N  (0 ,1 )

p(y\y3) = Be(y\y3, f t ’ ’ ) 

sy m m e try :  f t  = 1

M 6
Ferreira a n d  Steel (2 0 0 6 )  
co n s tru c t,  y4 -  N (0 ,2 0 )

/j(yiy4) = і + іШ Ш у 'г і) -  1]

sy m m e try :  y4 = 0

M s
Bernstein densities (2  param eters)  
w , -  N  (0 .3 3 ;3 6 ) ,  w2 -  N ( 0 .3 3 ;3 6 )

p(ylwj, W2) = W] B e(yll,3 ) +
+ w2 B<?(yl2,2)+(l-iv1-H'2)/ie (y l3 ,l)

sy m m etry :  Wj = 1 /3 ,  i = 1 ,2 ,3

M 4
Beta distribution, tw o  p aram eters  

(Jones, Faddy 2 0 0 3 )
Ina -  N (0 ,1 ) ,  bib  -  N (0 ,1 ) ,  a>b, b>0

p()'\a,b) = Be(y\a,b)

M 7
H an sen ( 1 9 9 4 )  skewed Stu d en t-t  

ft -  U ( - 0 .5 ;  0 .5 )

f  1 / (0;0.5)0') +  / '  1 +  / (0.5;1)0')

n A . l v  1  ̂ J   ̂ '

M i
Inverse scale factors, Fernan dez a n d  Steel (1 9 9 8 ) ,  

lnyl ~ N (0 ,1 ) ,  ft 6  (0 .5 ;2 )

^  2  W i  ■ ^ h y ) l (o;o .s) + f(Y li ■ ^ V ) / ( 0 . 5 ; l ) f  

Y ^  Yl +  r l 1 f ( ,r H y ) )
P(y'YS> “  ,  ,

O'))

sy m m etry :  a = b  = 1 s y m m etry :  ft = 0 s y m m etry :  ft = 1
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(M3). Those three models cumulate more than 90% of the posterior probability 
mass, making all remained conditionally skewed specifications improbable in 
the view of the data. Thus, inverse scale factors (models M, and M7), the 
Bernstein density transformation (with 2 free parameters) and Ferreira and Steel 
(2006) construct lead to very doubtful explanatory power of the resulting 
GARCH specification. Those models are strongly rejected by the data, as the 
values of posterior probabilities are much smaller than posterior probability of 
symmetric GARCH model (MH).

In Table 3 we present the results of Bayesian inference about tails and skewness 
of the conditional distribution of daily excess returns in all competing specifica­
tions. Apart from making inference about model specific skewness parameters in 
each model, we also put posterior means and standard devations of Arnold and 
Groenveld (1995) skewness measure yM, as well as the values of posterior pobability 
of left asymmetry of the density p{y]iyhV 9, 7?„ M) (i.e. P(yM < 01/°, M,)).

In case of conditional symmetry (model M(l) the dataset clearly support the 
hypothesis of existence of the variance of the distribution p(yj\y/hv 9, M„), because 
the whole density of the posterior distribution of the degrees of freedom parameter 
v is located on the right side of the value v = 2. Also, rather tight location of p {v\ym, 
M(l) around the value v = 1 in model M(), assures that the conditional distribution 
of daily returns possesses moments of order till 7. Those properties of the posterior 
distribution p(vly(,), M„) remains unchanged in case of all conditionally skewed 
specifications. Only in model M4, Beta distribution transformation with 2 free 
parameters both, location and scale of the posterior density of the degrees of 
freedom parameter change substantially. However the moment structure of the 
conditional distribution if yy remains rather the same in model M4. The dispersion 
of the posterior distribution of v, as measured by the posterior standard deviation, 
precludes conditional normality in all competing specifications.

The posterior means and standard deviations of both, asymmetry parame­
ters t|i and skewness measure yM (see Arnold and Groenveld 1995) indicate, that, 
in the majority of the specifications, there is strong evidence in favour of left 
skewness of the conditional distribution of modelled daily returns. The posterior 
distributions of yM are tightly located on the left side of the value yM = 0  in case 
of M„ for i = 2, 3, 4, 5 and 6 , decisively confirming left asymmetry of piy-^j-v 
9, ri', M(). The greatest intensification of conditional skewness, measured by 
posterior mean of piyJ/'K  M;), is obtained in model M3. In this case the posterior 
expectation of asymmetry measure is equal to yM = -0 .0216, with posterior 
standard deviation equal about 0.0024. Also hidden truncation mechanism and 
Beta distribution transformation with two free parameters support comparable 
level of conditional left asymmetry. The inverse scale factors mechanisms (both, 
M, and M7) and conditional density based on the Ferreira and Steel (2006) 
construct generated posterior distributions of yM, localized very close to the value 
yM = 0 and also much more dispersed. Consequently, in case of models Mv M6



Table 2

Decim al lo garith m  o f  th e  m arginal data density values, posterior probabilities of all c o m p e tin g  specifications an d  posterior  odds ratios
for M h for / = 1, 2 ,  3 ,  4 ,  5 ,  6 ,  7, against M 0

м 2
Azzalini

(1 9 8 5 )

M 3 
Beta w ith 1 
param eter,  

Jo n e s  (2 0 0 4 )

M4
Beta w ith 2  
param eters  

Jo n e s  an d  Faddy  
(2 0 0 3 )

M s
Bernstein
densites

M ,  
Fern an d ez  
a n d  Steel 

(1 9 9 8 )

M 6 

Ferreira  
a n d  Steel  

(2 0 0 6 )

M 7
Hansen
(1 9 9 4 )

Student-f
GARCH

(co n d ition al
sym m etry)

S y m m etry iS II О 7i =  1

II-ClII4S Wj = 1 /3 n  = 1

OII£ O 
; 

II Always

log-pO^IM,-) - 1 5 5 8 . 5 0 - 1 5 5 8 . 7 8 - 1 5 5 8 . 4 1 - 1 5 6 0 . 8 2 - 1 5 5 9 . 4 5 - 1 5 6 0 . 4 5 1 5 5 9 .3 4 - 1 5 5 9 . 0 6

і = 0 ,  6
0 . 3 0 1 5 0 . 1 5 8 2 0 . 3 7 0 9 0 .0 0 1 4 0 . 0 3 3 8 0 . 0 3 3 8 0 . 0 4 3 6 0 . 0 8 3 0

і =  1, 6
0 . 3 2 8 8 0 . 1 7 2 5 0 . 4 0 4 5 0 .0 0 1 6 0 . 0 3 6 9 0 . 0 3 6 9 0 . 0 4 7 5 X



Table 3

Posterior m ean s a n d  stand ard  dev iation  o f  tails an d  a sy m m etry  p aram eters  a n d  posterior  probabilities of  left as y m m e try  o f  th e  den sity

PWVj-b 6- Tl/, M,)

M 2
Azzalini
( 1 9 8 5 )

M 3 
Beta w ith  1 
param eter,  

Jo n e s  (2 0 0 4 )

M 4
Beta w ith 2  
p aram eters  

Jo n e s  a n d  Faddy  
(2 0 0 3 )

M s
Bernstein
densites

M i
Fernandez  
a n d  Steel 

(1 9 9 8 )

M 6 
Ferreira  

an d  Steel 
(2 0 0 6 )

M 7
H ansen
( 1 9 9 4 )

M„
S tu d en t-t
GARCH

(co n d ition al
sym m etry )

0 . 3 0 1 5 0 . 1 5 8 2 0 . 3 7 0 9 0 . 0 0 1 4 0 . 0 3 3 8 0 .0 0 7 6 0 . 0 4 3 6 0 . 0 8 3 0

tails v > 1 7 .0 5 7 .1 4 1 0 .5 7 7 .0 5 6 .9 4 7 .1 5 6 .9 4 6 .9 6
1 .0 6 1 .0 6 2 .5 9 0 . 9 0 1.01 1 .0 2 1 .05 1 .0 2

skewness, r/i g2: - 0 . 1 0 7 4  
0 . 0 6 1 7

g3 : 0 . 9 4 8 0  
0 . 0 2 8 8

a: 0 .6 6 6 5  
0 . 1 2 5 9  

b: 0 . 7 5 8 6  
0 . 1 3 8 4

Wj: 0 . 3 6 3 7  
0 . 0 3 2 4  

w2: 0 . 3 5 7 9  
0 . 0 3 4 2

Yi- 1 . 0 0 2 9  
0 . 0 1 4 8

r4: - 0 . 0 4 8 9  
0 .0 2 3 8

g 5 :  0 . 0 0 3 0  
0 . 0 1 4 8

7m ,
sy m e try  yM = 0

- 0 . 0 2 0 8
0 .0 0 2 9

- 0 . 0 2 1 6
0 . 0 0 2 4

- 0 . 0 1 9 3
0 . 0 0 6 7

- 0 . 0 1 6 4
0 . 0 0 5 4

0 . 0 0 3 8
0 . 0 0 8 0

8 . 0 8 6 e - 5 0 . 0 0 3 0
0 . 0 1 4 8

—

P (7m  < O l /" , 1 . 0 0 0 0 1 .0 0 0 0 0 . 9 9 6 0 0 . 3 2 6 0 1 4 .5 5 7 e - 5 0 .4 1 7 3 —

P (7m < Oly"1) 0 . 9 6 7 7
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and M7 the posterior probabilities of left asymmetry, P(yM < 01/°, M,), are very 
small, making symmetry, as well as skewness to the right, not strongly rejected 
by the data. Finally, on the basis of the Bayesian model pooling technique, we 
obtained posterior probability of left asymmetry calculated considering the 
whole class of specifications M;, i = 1 ,..., 7. The modelled dataset clearly supports 
left asymmetry, as P(yM < Oly(0) = 0.9677, but it also leaves some uncertainty 
about the true intensification of this phenomenon. Posterior probability of 
symmetry and right skewness of p(y^yhv 0, 77,, M,) (equal to 0.0323) does not 
totally reject those cases.

Our inverse probability integral approach to representation of the univariate 
skewness enables to present the sources of possible conditional asymmetry 
easily. In Table 4 we discuss the empirical differences between all competing 
skewing mechanisms. We present the posterior means of the skewing distribu­
tions p(.l77,) in all competing specifications M„ /= 1 ,.. .,  7. The WIG excess returns 
data contain specific information about the conditional asymmetry occured as 
a source of different tail behavior of the density p(y^vhl, 6, 77,, JVQ. This may 
explain such clear separation of conditionally skewed models with reasonable 
data support and models strongly rejected in the view of the data. The subset 
of specifications with very weak data support, namely models M„ M5, M6 and 
M7, show no conditional skewness effect, because the presented densities p(.l»7,) 
are very close to the one corresponding to uniform distribution. Consequently, 
two alternative inverse scale factors, Ferreira and Steel (2006) construct and 
Bernstein densities do not yield a mechanism sensitive to the skewness repre­
sented by the WIG data. Three models with the greatest data support (built on 
the basis of hidden truncation mechanism and Beta distribution transforma-

. Table 4

Posterior m e a n s  o f  skewing m e ch a n is m s  p  (.1 jjf) in m odels  M; i = 1, 2, 3 ,  4 ,  5, 7 an d  th e skewing  
m e ch a n is m  ob tain ed  usin g Bayesian m od el po olin g  ap p ro ach

a/2
Azzalini (1985), 

0.3288

Kh
Beta one parameter 
P ( W v ) 1* 0.1725

KL
Beta tu-o parameters 

P ( W v ) »  0.4045

1 M,
Ferndndez and Sleel ( 1998), 

/ W i v ) “ 0.036y

«»:

>.i i

5
«*.
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» :
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«.■ •IT " ■  ' ■  :
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M*
Bernstein densities 
/ ’(A/,|v)*0.00l6

Mt
l;‘crreira and Steel (2006)

m w - 0.0083
Hansen (1994)

/»(MW "0.0475
Model poolum,
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tions) show substantial difference of p(.l7j() from the case of conditional symme­
try. Since the values of pCIfy) (for i = 2 ,3  and 4) exhibit variability on the bounds 
of the interval (0 , 1), the considerable amount of skewness is located in the tails 
of the conditional distribution of the excess returns yr Quite similar tail behavior 
can be observed in case of hidden truncation mechanism and Beta distribution 
transformation with one free parameter. In model M2 and M:! the conditional 
left asymmetry of the density p(y;l y/hU 0, M,) is forced by greater concentration
of probability mass in its left tail than in the right tail. In model with the greatest 
data support, namely in M4 based on the Beta distribution transformation with 
two free parameters, the conditional skewness effect is also the result of 
asymmetric tail monotonicity. However the distinction between left and right 
tail of p(yj\y/hv 0, r\4, M4) is definitely more subtle. In case of model M4, the 
skewing mechanism p (.\i]4) makes conditional distribution of excess returns 
more leptokurtic, as the function p(.l/74) has its extremes on the bounds of the 
interval (0, 1). Since the global extreme value of p(yl7j 4) is reached for-y = 0, the 
skewing mechanism in M4 forces left asymmetry.

Finally in Table 5 we compare the total impact of the conditional skewness 
effect on the tested relation between risk and return. According to our assump­
tions, the conditional expectation of the excess return is proportional to the 
square root of the inverse precision hj. Since we parameterize the market risk by 
a more general dispersion measure, than standard deviation, we report the 
information about the relative risk aversion by the posterior characteristics of 
the function a  + E (z;), see (15). Initially we checked the strength of the relation 
in model M,„ which does not allow for conditional skewness. Given M„, E(zj) = 0 
and the whole information about relative risk aversion is reflected in parameter 
a, see (13). Just like many other researchers, given M„, we obtain positive but 
rather weak relation between expected excess return and risk. The posterior 
probability P(a > 0IM(l, /°) equal about 0.92 leaves considerable level of 
uncertainty about the true strength of tested relation. Consequently, model M„ 
does not confirm our hypothesis strongly. Imposing unreasonable (in the view 
of the data) skewness into conditional distribution of excess returns also may 
not strengthen our inference. In case of models with weak data support (inverse 
scale factors M, and M7, Ferreira and Steel (2006) construct M6) the assumption 
of asymmetry of the density p(yy\y/hv 6, i]„ M,) does not improve posterior 
inference about the sign of a  + E{zj). In case of Mv M6 and M7 posterior 
probability of positive relationship is very close to the value generated within 
M„. Only in case of the skewing mechanisms with the greatest data support, 
namely Beta transformation with two parameters and hidden truncation, the 
WIG excess returns yield decisive support of the positive sign of the relative risk 
aversion coefficient. In case of model Mv the posterior probability of positive 
sign of a  + E(Zj) is greater than 0.99, leaving no doubt about the significance of 
the relationship between risk and return postulated by Merton (1973). Hence,



Table 5

Posterior analysis o f  th e  im p a c t  o f  th e  co n d itio n al skewness assu m p tio n  o n  th e  relation  betw een risk a n d  return

M 2
Azzalini

(1 9 8 5 )

M 3
Beta w ith  1 
param eter,  

Jo n e s  (2 0 0 4 )

M4
Beta w ith 2  
param eters  

Jo n e s  an d  Faddy  
(2 0 0 3 )

M5
Bernstein
densites

M ,  
Fern4n dez  
a n d  Steel 

(1 9 9 8 )

M 6 
Ferreira  

an d  Steel 
(2 0 0 6 )

M 7
Hansen
(1 9 9 4 )

Stud ent-t
GARCH

(co n d ition al
s y m m etry )

a  + £ (z () 0 . 2 5 6 7 0 . 1 4 4 0 0 . 2 1 4 8 0 . 2 0 8 5 0 . 0 4 6 9 0 .0 4 8 9 0 .4 4 1 0 . 0 4 8 3
0 . 1 1 6 2 0 . 0 9 1 2 0 . 0 8 5 2 0 . 0 9 3 3 0 . 0 3 4 9 0 .0 3 3 8 0 . 0 3 1 6 0 . 0 3 3 7

P (a  + E (z , ) >OIM,-,y(0) 0 . 9 8 9 4 0 . 9 5 2 8 0 . 9 9 7 2 0 .9 8 9 3 0 . 9 1 0 2 0 . 9 2 3 0 0 . 9 1 7 1 0 . 9 2 0 1

P (a + E(zt) > Oly"1) 0 . 9 7 7 7
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it is possible to confirm positive sing of a  + E{zj) only by imposing specific 
skewing mechanism into conditional distribution of excess returns. Beta distri­
bution transformation with two free parameters is able to detect additional 
source of information about risk premium in the WIG dataset. Also, hidden 
truncation mechanism and Bernstein density transformation strongly confirm 
positive sing of the risk aversion coefficient, as posterior probability P(a  + £(z;) 
> 01 M„ y(,)) is greater than 0.98 for i = 2 and 5.

5. CONCLUDING REMARKS

In this paper we presented the results of Bayesian estimation of the impact of 
the conditional skewness assumption on the strength of the relationship 
between risk and return. Initially, on the basis of the Intertemporal CAPM 
model, proposed by Merton (1973), we built the GARCH-In-Mean sampling 
model, suitable in analysing such relationship. Our approach, which fully relates 
to the model proposed by Osiewalski and Pipieri (2000), treats the skewness of 
the conditional distribution of excess returns as an alternative source of 
information about risk aversion. Thus pure statistical feature of the sampling 
model was equipped with economic interpretation.

Based on the daily excess returns of WIG index we checked the total impact 
of conditional skewness assumption on the relation between risk and return. 
Posterior inference about skewing mechanisms showed positive and decisively 
significant value of the coefficient of the relative risk aversion once an appro­
priate, specific skewing mechanism was imposed in conditional Student-t 
distribution. The greatest data support, and also very strong support of the 
relation postulated by Merton (1973), received skewness obtained by Beta 
distribution transformation with two free parameters; see Jones and Faddy 
(2003). Also strong confirmation of positive relative risk aversion coefficient was 
generated by hidden truncation mechanism, proposed by Azzalini (1985) and 
Bernstein density transformation. Many other skewing mechanisms considered 
in the paper were strongly rejected by the WIG dataset. Consequently, in many 
cases we observed no impact of conditional asymmetry on the tested relation. 
The WIG excess return contained specific information about conditional skew­
ness, which was able to detect only by models with the greatest data support. 
Thus, in our empirical example it was possible to identify asymmetry of the 
conditional distribution as an additional source of information concerning risk 
premium only in case of specific, more flexible skewing mechanisms, than 
previously considered in the literature.
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STRESZCZENIE

M a te u s z  P ip ień . W ykorzystanie w arunkow ej asym etrii w b a d a n iu  zależn ości po m ięd zy  oczekiw ani/ 
stopą zw rotu a  po zio m em  ryzyka. A n a liza  bayesow ska dla d a n y ch  W IG . Folia O e c o n o m ic a  
C r a c o v ie n s ia  2 0 0 7 ,  4 8 :  9 5 - 1 1 7 .

Z a s a d n i c z y m  c e le m  a r ty k u łu  jest z a s to s o w a n ie  w n io s k o w a n ia  b a y e so w s k ie g o  w  b a d a n iu  relacji 
p o m i ę d z y  o c z e k iw a n ą  s to p ą  z w ro tu  a p o z io m e m  ry zyk a n a  G iełdzie P a p ie ró w  W a r to ś c io w y c h  
w  W a r s z a w ie .  N a  p o d s ta w ie  m ię d z y o k re s o w e g o  m o d e l u  C A P M  (a n g . Intertem poral-C A P M ), 
z a p r o p o n o w a n e g o  p rz e z  M e r to n a  ( 1 9 7 3 ) ,  z b u d o w a n o  o g ó ln y  m o d e l  p r ó b k o w y  w  r a m a c h  
k t ó r e g o  jest m o ż liw e  te s to w a n ie  o m a w ia n e j  re lacji.  W  r o z w a ż a n y m  m o d e l u  s ta ty s ty c z n y m  
ź r ó d łe m  z a le ż n o ś ci  p o m i ę d z y  o c z e k iw a n y m  z w r o te m  a p o z io m e m  ry zyk a jest a s y m etria  
ro z k ła d u  w a r u n k o w e g o  s tó p  z m ia n .  P r o p o z y c ja  ta  w y k o rz y s tu je  k o n c e p c ję  G A R C H -In -M ean  
O siew alsk ieg o  i P ip ien ia  ( 2 0 0 0 )  o ra z  d o s ta rc z a  fo rm a ln e j ,  e k o n o m ic z n e j  in te rp re ta c ji  sk ośn ości  
w y s tę p u ją c e j  w  m o d e l u  p r ó b k o w y m .

W  a r ty k u le  r o z w a ż o n o  w iele  k o n k u r e n c y jn y c h  specyfikacji d o p u s z c z a ją c y c h  w a ru n k o w ą  
a s y m e tr ię .  W  s z cz e g ó ln o ś ci  z a s to s o w a n o  m e c h a n i z m  u k ry te g o  u c ię c ia ,  a l te r n a ty w n e  sk alo w a­
n ia  w o k ó ł  m o d a l n e j ,  t r a n s f o r m a c je  r o z k ła d e m  B eta , g ę s to śc i  B ers te in a  o ra z  m e t o d ę  z a p ro p o -  
n o w a n ć  p rz e z  F erreirę  i S teela  ( 2 0 0 6 ) .

N a  p o d s ta w ie  d a n y c h  d o ty c z ą c y c h  k w o to w arf  in d ek su  W I G  d o k o n a n o  a n a l iz y  w p ływ u  
w p r o w a d z e n ia  d o  m o d e l u  w a ru n k o w e j as y m e tri i  s tó p  z m ia n  n a  p o s t u lo w a n ą  re lac ję  p o m ię d z y  
o c z e k iw a n ą  s to p ą  z m ia n  a p o z io m e m  ryzyk a. W y n ik i  b ay e so w s k ie g o  p o r ó w n a n ia  m o d eli ,  jak 
ró w n ie ż  a n a liz a  a posteriori p a r a m e tr ó w  sk o śn o ści  p o tw ie rd z iły  w  sp o s ó b  z d e c y d o w a n y  za ło ­
ż e n ia  teo rii  M e r to n a  ( 1 9 7 3 ) .  U z y s k a n o  silnie  is to tn ą  i d o d a tn ią  z a le ż n o ś ć  p o m i ę d z y  s top ą  
z w r o tu  in d e k su  W I G  i z m ie n n o ś c ią .  N ajw yższą  w a r to ś ć  p ra w d o p o d o b ie r is tw a  a  posteriori 
u zy sk ał m o d e l ,  w  k t ó r y m  efek t a s y m e tri i  jest r e z u lta te m  z a s to s o w a n ia  t r a n s f o rm a c ji  ro zk ład em  
B e ta  z  d w o m a  s w o b o d n y m i  p a r a m e tr a m i .
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